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Abstract—This paper investigates the transmitted waveform
optimization issues for wideband Multiple Input Single Output
(MISO) cognitive radio. For cognitive radio, a spectral mask for
the transmitted waveform is determined on spectrum sensing, and
arbitrary transmitted spectral shaping is required. Meanwhile,
the interferences from primary radios should be canceled at the
receiver of cognitive radio. The contribution of this paper is
to optimize the MISO cognitive radio communication link by
jointly considering the optimization objective, the spectral mask
constraint at the transmitter and the interference cancellation
at the receiver. Meanwhile, reduction in transmitted peak power
and quantization is still very desirable, being concerned about
implementation complexity and power consumption. These mo-
tive us to consider various practical constraints for waveform
optimization in the context of MISO cognitive radio. A number
of solutions are provided in this paper in conjunction with
numerical results showing the optimal wideband waveforms.
Index Terms—MISO, cognitive radio, wideband waveform,

SDP

I. INTRODUCTION

Waveform design or optimization is a key research issue in
the current wireless communication system, the radar system
and the sensing or image system. Waveforms should be de-
signed according to the different requirements and objectives
of performance. For example, waveform should be designed to
carry more information to the receiver in terms of capacity. If
the energy detector is employed at the receiver, the waveform
should be optimized such that the energy of the signal in the
integration window reaches the maximum [1] [2] [3] [4]. For
navigation and geolocation, an ultra short waveform should
be used to increase resolution. For multi-target identification,
waveform should be designed so that the radar returns can
bring more information back. In clutter dominant environment,
maximizing the target energy and minimizing the clutter
energy should be considered.

In the context of cognitive radio, waveform design or
optimization gives us more flexibilities to design radio, which
can coexist with other cognitive radios and primary radios.
From cognitive radio’s point of view, spectral mask constraint

at the transmitter and the interference cancellation at the
receiver should be seriously considered for waveform design
or optimization, in addition to the traditional communication
objectives and constraints. Spectral mask constraint is imposed
on the transmitted waveform such that cognitive radio has no
interference to primary radio. At the same time the arbitrary
notch filter is implemented at the receiver to cancel the
interference from primary radio to cognitive radio.

Multiple Input Single Output (MISO) system considered in
this paper is one kind of multi-antenna system in which there
are multiple antennas at the transmitter and one antenna at
the receiver. MISO system can explore the spatial diversity
and execute the beamforming to focus energy on the desired
direction or point and avoid interference to other radio sys-
tems. It is well known that waveform and spatially diverse
capabilities are made possible today due to the advent of
lightweight digital programming waveform generator [5] or
arbitrary waveform generator.

This paper deals with wideband waveform optimization for
MISO cognitive radio. The study on system performance, e.g.
bit error rate (BER) or capacity, is out of scope of this paper.
Semidefinite Programming (SDP)-based iterative method are
exploited to take care of wideband waveform design. Different
designed waveforms are to be applied to different antennas.
But these waveforms are optimized jointly in order to match
the different spatial channels based on the objective of the
system performance. SDP-based signal processing is becoming
more and more popular recently. It can be applied to control
theory, statistics, circuit design, graph theory and so on. The
reasons for this is (1) more and more practical problems can be
formulated as SDP; (2) most interior-point methods for linear
programming have been generalized to SDP [6]; (3) nowadays
the computational capability is increased greatly and SDP can
be solved in real-time. Meanwhile, reduction in transmitted
peak power and quantization is still very desirable, being
concerned about the implementation complexity and power
consumption. Thus, Peak-to-Average Power Ratio (PAPR) and
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Fig. 1. System architecture.

binary waveform design are taken into account as the practical
considerations in the context of MISO cognitive radio. The
contribution of the proposed iterative methods is that the rank-
1 optimal solution can always be guaranteed. Making some of
the constraints tighter will force the optimal solution to go
toward rank-1 matrix.

The rest of the paper is organized as follows. In Section
II the system is described and SDP-based iterative method is
presented to solve the wideband waveform optimization issue.
Practical wideband waveform design is discussed in Section
III. Numerical results are provided in Section IV, followed by
some remarks given in Section V.

II. WIDEBAND WAVEFORM OPTIMIZATION USING
SDP-BASED ITERATIVE METHOD

The system architecture considered in this paper is shown in
Figure 1. We limit our discussion to a single pair of cognitive
radios scenario. There are N antennas at the transmitter and
one antenna at the receiver. On-off keying (OOK) modulation
is used for transmission. Thus the transmitted signal at the
transmitter antenna n is,

sn (t) =

∞∑
j=−∞

djpn (t − jTb) (1)

where Tb is the bit duration, pn(t) is the transmitted bit
waveform defined over [0, Tp] at the transmitter antenna n
and dj ∈ {0, 1} is the j-th transmitted bit. Without loss of
generality, the minimal propagation delay is assumed to be
zero. The energy of transmitted waveforms is Ep,

N∑
n=1

∫ Tp

0

p2
n (t) dt = Ep (2)

The received noise-polluted signal at the output of low noise
amplifier (LNA) is,

r(t) =

N∑
n=1

hn (t) ⊗ sn (t) + n (t)

=

∞∑
j=−∞

dj

N∑
n=1

xn (t − jTb) + n (t) (3)

where hn (t) , t ∈ [0, Th] is the multipath impulse response
that takes into account the effect of channel impulse response,

the RF front-ends at the transceivers such as power amplifier,
LNA and arbitrary notch filter as well as antennas between
the transmitter antenna n and the receiver antenna. hn(t) is
available at the transmitter [7] [8].

∫ Th

0 h2
n (t) dt = Enh. “⊗”

denotes convolution operation. n(t) is AWGN. xn(t) is the
received noiseless bit-“1” waveform defined as

xn(t) = hn(t) ⊗ pn(t) (4)

We further assume that Tb ≥ Th+Tp
def
= Tx, i.e. no existence

of ISI.
If the waveforms at different transmitter antennas are as-

sumed to be synchronized, the k-th decision statistic is,

r(kTb + t0) =

∞∑
j=−∞

dj

N∑
n=1

xn (kTb + t0 − jTb) + n (kTb + t0)

= dk

N∑
n=1

xn (t0) + n (kTb + t0) (5)

In order to maximize the system performance,
N∑

n=1
xn (t0)

should be maximized. Thus the optimization problem can be
formulated as follows to get the optimal waveforms pn(t),

maximize
N∑

n=1
xn (t0)

subject to
N∑

n=1

∫ Tp

0 p2
n (t) dt ≤ Ep

0 ≤ t0 ≤ Tb

(6)

For simplicity in the following presentation, t0 is assumed
to be zero, which will not degrade the optimum of the solution
if such a solution exists.

x (t) =

N∑
n=1

xn (t) (7)

From Fourier transform,

xf
n (f) = hf

n (f) pf
n (f) (8)

and

xf (f) =

N∑
n=1

hf
n (f) pf

n (f) (9)

where xf
n (f), hf

n (f) and pf
n (f) are the frequency domain

representations of xn(t), hn(t) and pn(t) respectively. xf (f)
is frequency domain representation of x(t). Thus,

x (0) =

N∑
n=1

xn (0) (10)

and

xn (0) =

∫
∞

−∞

xf
n (f)df (11)
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If there is no spectral mask constraint, then according to the
Cauchy−Schwarz inequality,

x (0) =

N∑
n=1

∫
∞

−∞

hf
n (f) pf

n (f) df

≤

√√√√Ep

N∑
n=1

Enh (12)

when pf
n (f) is equal to the proportionable conjugate of

hf
n (f) for all f and n, two equalities are obtained. The scale

coefficient is,

α =

√√√√√
Ep

N∑
n=1

∫
∞

−∞

∣∣∣hf
n (f)

∣∣∣2 df

(13)

In this case, pn (t) = αhn (−t), which means the optimal
waveform pn(t) is the corresponding proportionable time
reversed multipath impulse response hn(t).

If there is spectral mask constraint, then the following
optimization problem will become more complicated,

maximize x (0)
subject to
N∑

n=1

∫ Tp

0
p2

n (t) dt ≤ Ep∣∣pf
n (f)

∣∣2 ≤ cf
n (f)

(14)

where cf
n(f) represents the arbitrary spectral mask constraint

at the transmitter antenna n.
In order to solve the optimization problem 14, pn(t) and

hn(t) are uniformly sampled at Nyquist rate. Assume the
sampling period is Ts. Tp/Ts = Np and Np is assumed to
be even, Th/Ts = Nh. pn(t) and hn(t) are represented by
pni, i = 0, 1, . . . , Np and hni, i = 0, 1, . . . , Nh respectively.

Define,
pn = [pn0 pn1 · · · pnNp

]T (15)

and
hn = [hnNh

hn(Nh−1) · · · hn0]
T (16)

where T denotes transpose operation.

If Np = Nh, then
N∑

n=1
xn (t0) can be equivalent to

N∑
n=1

hT
npn. Define,

p = [pT
1 pT

2 · · · pT
N ]T (17)

and
h = [hT

1 hT
2 · · · hT

N ]T (18)

Thus,
N∑

n=1

hT
npn = hT p (19)

Maximization of hT p is the same as maximization of(
hT p

)2 as long as hT p is equal to or greater than zero.
(
hT p

)2
=

(
hTp

)T (
hT p

)
= trace (HP) (20)

where H = hhT and P = ppT . P should be rank-1 positive
semidefinite matrix. However, rank constraint is non-convex
constraint, which will be omitted in the following optimization
problems. Thus the optimization objective in the optimization
problem (14) can be reformulated as,

maximize trace (HP) (21)

Meanwhile,

‖p‖
2
2 = pT p

= trace
(
ppT

)
= trace (P) (22)

the energy constraint in the optimization problem (14) can be
reformulated as,

trace (P) ≤ Ep (23)

For cognitive radio, there is a spectral mask constraint for
the transmitted waveform. Based on the previous discussion,
pn is assumed to be the transmitted waveform, and F is the
discrete-time Fourier transform operator, thus the frequency
domain representation of pn is,

pf
n = Fpn (24)

where pf
n is a complex value vector. If the i-th row of F is

fi, then each entry in pf
n can be represented by,

(
pf

n

)
i,1

= fipn, i = 1, 2, . . . ,
Np

2
+ 1 (25)

where (•)i,j means the entry in the matrix with the i-th row
and the j-th column.

Define,
Fi = fH

i fi, i = 1, 2, . . . ,
Np

2
+ 1 (26)

where H denotes conjugate transpose operation.
Given the spectral mask constraint in terms of power

spectral density cn =
[
cn1 cn2 · · · c

n(
Np

2
+1)

]T

, so
∣∣∣(pf

n

)
i,1

∣∣∣2 = |fipn|
2

= pT
n fH

i fipn

= pT
nFipn

≤ cni, i = 1, 2, . . . ,
Np

2
+ 1 (27)

where |•| is the modulus of the complex value.
Define selection matrix Sn ∈ R(Np+1)×(Np+1)N ,

(Sn)i,j =

{
1, j = i + (Np + 1) (n − 1)
0, else

(28)

So,
pn = Snp (29)
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and ∣∣∣(pf
n

)
i,1

∣∣∣2 = pT
nFipn

= trace
(
ST

nFiSnP
)

(30)

The optimization problem (14) can be reformulated as SDP
based on (21), (23), (27) and (30),

maximize trace (HP)
subject to
trace (P) ≤ Ep

trace
(
ST

nFiSnP
)
≤ cni

i = 1, 2, . . . ,
Np+1

2
n = 1, 2, . . .N

(31)

If the optimal solution P∗ to the optimization problem
(31) is the rank-1 matrix, then the optimal waveforms can be
obtained from the dominant eigen-vector of P∗. Otherwise,
Ep in the optimization problem (31) should be decreased to
get the rank-1 optimal solution P∗ to satisfy all the other
constraints.

An SDP-based iterative method (Algorithm I) is proposed
to get the rank-1 optimal solution P∗:

1. Initialization of Ep.
2. Solve the optimization problem (31) and get the optimal

solution P∗.
3. If the ratio of dominant eigen-value of P∗ to trace (P∗)

is less than 0.99, then set Ep to be trace (P∗) and go to step
2. Otherwise, the method is terminated.

The optimal waveforms can be obtained from the dominant
eigen-vector of P∗, the dominant eigen-value of P∗ and Eq.
(17).

III. WAVEFORM DESIGN WITH PRACTICAL
CONSIDERATIONS

A. Peak-to-Average Power Ratio
PAPR is one of major concerns in waveform design. Be-

cause of nonlinearity caused by nonlinear devices such as
Digital-to-Analog Converter (DAC) and Power Amplifier (PA),
maximal transmitted power has to be backed up, resulting in
inefficient utilization. PAPR in OFDM has been well studied.
In this paper, PAPR is handled under a unified optimization
framework. It is defined as,

PAPR =
‖pn‖

2
∞

‖pn‖
2
2

/
(Np + 1)

(32)

where

‖pn‖∞ = max
(
|pn0| , |pn1| , · · · ,

∣∣pnNp

∣∣) (33)

If the denominator of Eq. (32) is omitted, reducing PAPR is
equivalent to setting the upper bound for ‖pn‖∞. The bound
constraint ‖pn‖∞ ≤ bn can also be written as,

−bn ≤ pni ≤ bn, i = 0, 1, . . . , Np (34)

which can be further simplified as,

(pni)
2 ≤ (bn)

2
, i = 0, 1, . . . , Np (35)

Define selection vector sni ∈ R1×(Np+1)N ,

(sni)1,j =

{
1, j = i + (Np + 1) (n − 1)
0, else

(36)

So,
pni = snip (37)

and

(pni)
2 = (snip)

2

= trace
(
sT
nisniP

)
(38)

The optimization problem (14) or the optimization problem
(31) together with PAPR consideration can be presented as
SDP,

maximize trace (HP)
subject to
trace (P) ≤ Ep

trace
(
ST

nFiSnP
)
≤ cni

trace
(
sT
nisniP

)
≤ (bn)2

i = 1, 2, . . . ,
Np+1

2
n = 1, 2, . . .N

(39)

Similarly, if the optimal solution P∗ to the optimization
problem (39) is the rank-1 matrix, then the optimal waveforms
can be obtained from the dominant eigen-vector of P∗. Other-
wise, Ep in the optimization problem (39) should be decreased
to get the rank-1 optimal solution P∗ to satisfy all the other
constraints.

An SDP-based iterative method (Algorithm II) is proposed
to get the rank-1 optimal solution P∗:

1. Initialization of Ep.
2. Solve the optimization problem (39) and get the optimal

solution P∗.
3. If the ratio of dominant eigen-value of P∗ to trace (P∗)

is less than 0.99, then set Ep to be trace (P∗) and go to step
2. Otherwise, the method is terminated.

The optimal waveforms can be obtained from the dominant
eigen-vector of P∗, the dominant eigen-value of P∗ and Eq.
(17).

B. Binary Waveform
If the transmitted waveform is constrained to the binary

waveform because of the hardware limitation or implementa-
tion simplicity, or equivalently if p2

ni =
Ep

(Np+1)N , then The
optimization problem (14) or the optimization problem (31)
together with binary waveform design can be formulated as
SDP,

maximize trace (HP)
subject to
trace (P) = Ep

trace
(
ST

nFiSnP
)
≤ cni

trace
(
sT
nisniP

)
=

Ep

(Np+1)N

i = 1, 2, . . . ,
Np+1

2
n = 1, 2, . . .N

(40)

However, the constraints trace (P) = Ep and
trace

(
sT
nisniP

)
=

Ep

(Np+1)N usually bring non-rank-1
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optimal solution P∗ or invalid solution, i.e. no feasible region
for the optimization problem because of the constraints, to
the optimization problem (40). Thus the equality constraints
are relaxed to the inequality constraints and the optimization
problem (40) is relaxed to,

maximize trace (HP)
subject to
trace (P) ≤ Ep

trace
(
ST

nFiSnP
)
≤ cni

trace
(
sT
nisniP

)
≤

Ep

(Np+1)N

i = 1, 2, . . . ,
Np+1

2
n = 1, 2, . . .N

(41)

However, such relaxation forces us to verify the feasibility
of the optimal solution P∗ to the optimization problem (41).
If the dominant eigen-value of P∗ is the same as Ep, which
means trace

(
sT
nisniP

)
is equal to Ep

(Np+1)N for all i and n,
then the optimal solution P∗ is feasible and the optimal binary
waveforms can be obtained from the dominant eigen-vector of
P∗ and the dominant eigen-value of P∗. Otherwise, Ep in the
optimization problem (41) should be decreased.

An SDP-based iterative method (Algorithm III) is proposed
to get the rank-1 optimal solution P∗:

1. Initialization of Ep.
2. Solve the optimization problem (41) and get the optimal

solution P∗.
3. If the ratio of dominant eigen-value of P∗ to Ep is less

than 0.9999, then set Ep to be trace (P∗) and go to step 2.
Otherwise, the method is terminated.

The optimal waveforms can be obtained from the dominant
eigen-vector of P∗, the dominant eigen-value of P∗ and Eq.
(17).

IV. NUMERICAL RESULTS

The following setting has been used in generating numerical
results: Ts = 1ns, Th = 100ns, Tp = 100ns; Ep is set to be
1 as the initial value; the number of transmitter antennas N
is equal to 2. Multipath impulse responses represented in the
frequency domain between transmitter antennas and receiver
antenna are shown in Fig. 2. The nulling part from 290MHz
to 390MHz in Fig. 2 emulates the effect of arbitrary notch
filter at the receiver, which means there is interference from
primary radio in this kind of notched frequency band. The
spectral mask constraints in the following simulations are
established arbitrarily. Due to the page limitation, only results
for channel 1 are shown to illuminate the performances of the
proposed algorithms. All the SDPs presented in this paper are
solved by the CVX tool [9] [10].

Fig. 3 shows the designed optimal waveform represented
in frequency domain for channel 1 using SDP-based iterative
method (Algorithm I). Obtained from the designed optimal
waveforms, there are no powers allocated to the notched
frequency band for two transmitter antennas. The powers
allocated to the notched frequency band can not bring any
benefit to the performance. Meanwhile, all the spectral mask
constraints are satisfied.
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Fig. 2. Multipath impulse responses represented in the frequency domain
between transmitter antennas and receiver antenna.
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Fig. 3. Designed waveform represented in frequency domain for channel 1.

Fig. 4 shows designed optimal waveform represented in
frequency domain for channel 1 with PAPR consideration. Fig.
5 shows designed optimal waveform in corresponding time
domain for channel 1. In this case, b1 is set to be 0.1. Because
of the waveform shape constraints in the time domain, for
the designed optimal waveforms, there are still some powers
allocated to the notched frequency band at the receiver for
two transmitter antennas. This amount of power can not be
saved in order to keep the specific shapes of waveforms in
the time domain. Meanwhile, all the spectral mask constraints
and PAPR constraints are satisfied.
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Fig. 4. Designed waveform with PAPR consideration represented in fre-
quency domain for channel 1.
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Fig. 5. Designed waveform with PAPR consideration in time domain for
channel 1.

Fig. 6 shows designed optimal binary waveform represented
in frequency domain for channel 1. Fig. 7 shows designed
optimal binary waveform in corresponding time domain for
channel 1. Fig. 8 shows the convergence of energy gaps
between Ep and the dominant eigen-value of P∗ with the
number of iterations. When the dominant eigen-value of P∗

approaches Ep very well, the optimal solution to the optimiza-
tion problem (40) is obtained.
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Fig. 6. Designed binary waveform represented in frequency domain for
channel 1.
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Fig. 7. Designed binary waveform in time domain for channel 1.
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V. CONCLUSION

This paper deals with wideband waveform optimization
for MISO cognitive radio. Wideband waveforms are designed
according to the optimization objective with the considerations
of spectral mask constraint at the transmitter and the influence
of arbitrary notch filter at the receiver. Meanwhile, PAPR
and binary waveform design are also taken into account as
the practical considerations in the context of MISO cognitive
radio. The method of this paper can be easily extended to the
passband waveform design, where the individual oscillator for
each antenna can be tied together to achieve coherency [5].
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